Chapter 6 Additional Topics in Trigonometry

Section 6.5 Trigonometric Form of a Complex Number

Section Objectives: Students will know how to multiply and divide complex
numbers in trigonometric form and find powers and nth
roots of complex numbers.

I. The Complex Plane (p. 470) Pace: 5 minutes

o  State that plotting a complex number z = a + bi in the complex plane is the
same as plotting the point (a, b) in the rectangular coordinate system. Also,
state that in the complex plane, the horizontal axis is called the real axis
and the vertical axis is called the imaginary axis.

o  State that the absolute value of a complex number z = a + bi is the distance
_ _f2 2
between (0, 0) and (a, b). Hence | z| = |a + bi| = ¥a™ + b~ .

Example 1. Find the absolute value of z =4 — 3i.
H =l4 - 3l = {42 +(3) =5

II. Trigonometric Form of a Complex Number (pp. 471-472)

Pace: 10 minutes

e  State that if #is an angle in standard position with terminal side containing
the point (a, b) and r = |a + bi|, then a = rcos fand b =rsin 6. Thus
z=a+ bi=(rcos ) + (rsin 6)i =r(cos 6+ isin 6). This is called the
trigonometric form of a complex number. Furthermore, state that r is
called the modulus of z, @is called the argument of z, and tan 6= b/a.

Example 2. Write z = -2 + 2/ in trigonometric form.

tan =2/(-2) = -1 and z is in the second quadrant; therefore, = 3m/4.

3 3
r :J(—2)2 +2? :2-\6 and z :2\/3(00577[ +isin7ﬁj

Example 3. Write 4(cos 51/6 + i sin 57/6) in a + bi form.

31
4(cos 51/6 + i sin S/6) = 4(—§ +3 iJ =-243+2i.

II1. Multiplication and Division of Complex Numbers (pp. 472-473)
Pace: 10 minutes
e  State that if z; = ri(cos 6, + i sin 6)) and z, = r»(cos & + i sin &), then
21z = [ry(cos &) + i sin 6)][ ry(cos & + i sin 6)]
= riry[(cos 6 cos & - sin & sin &) + i(sin G, cos & + cos G sin 6)]
=riry[cos (6 + &) +isin (6, + )]
Similarly, z,/z, = (r1/r;)[cos (6, - &) +isin (6, — &)].

Example 4. If z; = 8(cos 120° + i sin 120°) and
2, = 6(cos 150° + i sin 150°), find the following.
a) z1z, =48[cos (120° + 150°) + i sin (120° + 150°)]
= 48[cos (270°) + i sin (270°)] = —48i

b) zi/z, = (8/6)[cos (120° = 150°) + i sin (120° = 150°)]

= (4/3) [cos (—30°) + i sin (-30°)] = % —% i
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IV. Powers of Complex Numbers (p. 474) Pace: 10 minutes

State that the product formula can be generalized to any finite number of
factors [ri(cos 6, + i sin G))] [r2(cos & +isin &)]--- [r.(cos 6, +isin 6,)]

= () €08 (6 + Gyt -+ G) +isin (B + 6+ -+ 6],

State that if, in the above formula, all the moduli were the same and all the
arguments were the same, we would get DeMoivre’s Theorem.
Z"=[r(cos @+ isin O)]" = r"[cos (nO )+ isin (nO)].

Example 5. Evaluate (—2\@ —21‘)5.
T T >
(—2J§ —21’)5 = [4(cos— + isin—ﬂ
6 6
= 45(cos S(Ej +isin S(E )
6 6
= 1024(cos(—35”j + isin(—SSﬂn
6 6

=51243 =512i

V. Roots of Complex Numbers (pp. 475-477) Pace: 15 minutes

State that if u = s(cos £+ i sin f) is an nth root of z = r(cos €+ i sin 6), then
[s(cos B+ isin B)]" =s"(cos nf+isinnf)=r(cos 6+ isin &). This yields
s"=rand nf= 0+ 2nk, where k=0,1,2,...,n—1,0r

0+ 27k
S=Wandﬁ= .
n

State that the nth root of z = r(cos 6+ i sin 6) is
O+2n . O+27k
¥r| cos +isin ,where ki=0,1,2, ... ,n—1.
n

n

Example 6. Find the four fourth roots of 16.
16 =16(cos0 +isin0). So, the fourth roots are

0+27-0 0+27-0
%(cos+—” +isin+—”j =2
4 4
‘Vl_6(cos0+2”'l+isin0+2ﬂ'l):2i
4 4
%(cos&f.z +isin 0+i_7[2j =2

%(cos% +i sin%} =2

Example 7. Find the three third roots of 4-\/- - 4.
2(cos Wrf6+27:0 ;i 116 ; 2”'0) ~—0.6840+ 18794

16+ 271 176+ 27-1

2(cos zo+2zl o ”/6; z )z—1.2856—1.5321i
117/6+ 272 11716 + 27 -2

2(cos AO+27:2 i A 6; d jz1.9696—0.3473i
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